Abstract. The Renormalization group method (RG) is applied to the investigation of the E model of critical dynamics, which describes the transition from the normal to the superfluid phase in He 4 . The technique "Sector decomposition" with R' operation is used for the calculation of the Feynman diagrams. The RG functions, critical exponents and critical dynamical exponent z, which determines the growth of the relaxation time near the critical point, have been calculated in the two-loop approximation in the framework of ε-expansion. The relevance of a fixed point for helium, where the dynamic scaling is weakly violated, is briefly discussed.
Introduction
The renormalization group method (RG) for the study of phase transitions and critical phenomena [1] [2] [3] allows one to justify the critical scaling and gives a recipe for calculating critical exponents as expansions in a small parameter ε = (d c − d)/2, which is the deviation from the critical dimension d c = 4 . The calculation of the renormalization-group functions is the main technical problem. Usually, it is solved by determining the renormalization constants from calculations of the corresponding Feynman diagrams. In this case, the analytical calculation of loop diagrams in higher order is quite complicated, so it is convenient to use numerical methods that allow subsequently to automate the process of search of the renormalization-group functions. The complexity of the numerical calculations resides in the presence of the ε-poles in the renormalization constants. There are several ways to solve the problem. In this paper, we will use the sector decomposition [4] which isolates the divergences from the parameter integrals occurring in the perturbative quantum field theory. 
Formulation of the problem
The standard Martin-Siggia-Rose mechanism [5] leads to a field theory action of the model E in the form
with the real one-component field m and the complex N-component fields ψ and ψ + . The real problem for superfluid He 4 corresponds to N = 1 (n = 2 in terms of the O(n) group of symmetry). The action (1) is unrenormalized with the corresponding bare parameters λ 0 , u 0 , τ 0 and coupling constants g 10 , g 30 . All possible counterterms of the dynamical model have the form of the terms in (1), and hence they are reproduced by the introduction of the needed renormalization constants. The model is multiplicatively renormalizable because the unrenormalized action is related to the renormalized one by the standard procedure of multiplicative renormalization S R (ϕ, e) = S (Z ϕ ϕ, e 0 ), where the functional variable
denotes the field renormalization. The bare parameters and coupling constants e 0 ≡ λ 0 , u 0 , τ 0 , g 10 , g 30 are connected with their renormalized partners e ≡ λ, u, τ, g 1 , g 3 by the expressions
where Z with corresponding subscripts indicate the renormalization constants. The model is logarithmic for ε = 0 (bare coupling constants become dimensionless). In this case, the Feynman graphs which are necessary for the calculation of the renormalization constants Z contain ultraviolet (UV) divergences in all orders of perturbation theory. We use the dimensional regularization and minimal substraction (MS) scheme, where the divergent parts of the graphs manifest themselves as poles in ε.
Due to the absence of some divergences, the following relation must be satisfied:
The method of sector decompostion
The algorithm for searching the divergent part (singular term) of the individual graphs involves three steps. In the first, the integration region is divided into sectors, each of which contains isolated singularities. In the second step, the coefficients at all poles in ε are extracted. In the last step, Feynman parameters are integrated analytically or numerically if an analytical treatment is not accessible. For comparison with De Dominicis, Peliti [6, 7] we divided our diagrams into groups. Here we will show how to calculate one of the groups using the sector decomposition procedure
Using the Feynman parametrization 
we obtain the integral (5) as
where the determinant is
The idea of the sector decomposition is essential for the first step of the algorithm. It is based on splitting the integration region to achieve a disentanglement of the singularities. The integral in (8) can be split into the sectors
where, for instance, I 4(1,2,3) means that the integration domain is split into the part where v 4 is always larger than v 1 , v 2 , v 3 . The splitting can be translated into a change of the integration boundaries using the transformation
and then the integral is remapped onto the unit hypercube. Therefore, the sector I 4(1,2,3) after the change of the integration boundaries looks like
The final result for the integral (8) reads
(13) which is exactly that was obtained by De Dominicis and Peliti for this group [7] .
RG functions and scaling regimes
The RG analysis leads to the conclusion that the possible scaling regimes are given by the IR stable fixed points of the corresponding RG equations. The fixed points of the RG equations can be found from the requirement that all the beta functions of the model vanish and the IR stability of the fixed point is given by the requirement that all the eigenvalues ω of the matrix of the first derivatives ω ik = ∂β i /∂g k at the fixed point must have positive real parts, where β i is the full set of β-functions and g k is the full set of charges {g 1 , g 3 , u}. Explicit calculations show that the variables f and w defined as follows: 
